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Vi with Ui, Vi ∈ A + . In other words, there exists a shuffle of x with itself which reproduces x. The morphic image of any self-shuffling word is again selfshuffling. We prove that many important and well studied words are self-shuffling: This includes the Thue-Morse word and all Sturmian words (except those of the form aC where a ∈ {0, 1} and C is a characteristic Sturmian word). We further establish a number of necessary conditions for a word to be self-shuffling, and show that certain other important words (including the paper-folding word and infinite Lyndon words) are not self-shuffling. In addition to its morphic invariance, which can be used to show that one word is not the morphic image of another, this new notion has other unexpected applications: For instance, as a consequence of our characterization of self-shuffling Sturmian words, we recover a number theoretic result, originally due to Yasutomi, which characterizes pure morphic Sturmian words in the orbit of the characteristic.
Introduction
Let A be a finite non-empty set. We denote by A * the set of all finite words u = x 1 x 2 . . . x n with x i ∈ A. The quantity n is called the length of u and is denoted |u|. For a letter a ∈ A, by |u| a we denote the number of occurrences of a in u. The empty word, denoted ε, is the unique element in A * with |ε| = 0. We set A + = A − {ε}. We denote by A N the set of all one-sided infinite words
Given k finite or infinite words
the collection of all words z for which there exists a factorization
∈ A * and with
Intuitively, z may be obtained as a shuffle of the words
, each of the above products can be taken to be finite. Finite word shuffles were extensively studied in [5] . Given x ∈ A * , it is generally a difficult problem to determine whether there exists y ∈ A * such that x ∈ S (y, y) (see Open Problem 4 in [5] ). However, in the context of infinite words, this question is essentially trivial: In fact, it is readily verified that if x ∈ A N is such that each a ∈ A occurring in x occurs an infinite number of times in x, then there exist infinitely many y ∈ A N with x ∈ S (y, y). Instead, in the framework of infinite words, a far more delicate question is the following:
If such a k exists, we say x is k-self-shuffling.
In case k = 2, we say simply x is self-shuffling. We note that if x is k-selfshuffling, then x is -self-shuffling for each ≥ k but not conversely (see §2), whence each self-shuffling word is k-self-shuffling for all k ≥ 2. In this paper we are primarily interested in self-shuffling words, however, many of the results presented here extend to general k. Thus x ∈ A N is self-shuffling if and only if x admits factorizations
+ . The property of being self-shuffling is an intrinsic property of the word (and not of the associated language) and seems largely independent of its complexity
